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1 Introduction
Let X denote a complex surface with quotient singularities. We say X is
a Manetti surface if it admits a smoothing to P2. That is, there exists a
family X/(0 ∈ T ) over the germ of a curve with special fibre X and general
fibre P2. These surfaces were first studied in [M]. We prove the following
classification of Manetti surfaces.
Theorem 1.1. The Manetti surfaces are as follows:
(1) The weighted projective planes of the form P(a2, b2, c2), where (a, b, c)
is a solution of the Markov equation a2 + b2 + c2 = 3abc.
(2) All Q-Gorenstein deformations of the surfaces in (1).
Here, we say X ′ is a Q-Gorenstein deformation of X if there is a family
X/(0 ∈ T ) with special fibreX and general fibreX ′, such that the total space
X is Q-Gorenstein. The Q-Gorenstein condition is natural from the point of
view of the minimal model program, and simplifies the deformation theory
considerably. Note in particular that if X ′ is a Q-Gorenstein deformation of
X then K2X′ = K
2
X .
Each Manetti surface has no locally trivial deformations, and there is one
Q-Gorenstein deformation parameter for each singularity. So, all Manetti
surfaces are obtained from a weighted projective plane P(a2, b2, c2) as above
by smoothing some subset of the singularities.
Every solution of the Markov equation is obtained from the solution
(1, 1, 1) by a sequence of “mutations” of the form
(a, b, c) 7→ (a, b, 3ab − c).
The graph which has vertices labelled by the solutions and edges joining
solutions related by a single mutation is an infinite tree with vertices of
degree 3.
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Given a smooth 3-fold, the minimal model program constructs a bira-
tional model Y such that either KY is non-negative, or there is a fibration
Y → S such that KY is negative on fibres. In the second case, Y/S is called
a Mori fibre space. If Y/S is a Mori fibre space with fibre dimension 2, then
the general fibre is a smooth del Pezzo surface and we say Y/S is a del Pezzo
fibration. The Manetti surfaces are precisely the surfaces with quotient sin-
gularities which occur as fibres of del Pezzo fibrations with general fibre P2.
More generally, we study the surfaces X with quotient singularities which
occur as singular fibres of del Pezzo fibrations with arbitrary general fibre.
We give a complete classification in the case ρ(X) = 1 and K2X ≥ 5. We also
obtain a list of examples with ρ > 1 as deformations of the surfaces with
ρ = 1.
Theorem 1.2. Let X be a normal surface with quotient singularities such
that −KX is ample and X admits a Q-Gorenstein smoothing. Assume
ρ(X) = 1 and K2X ≥ 5. Then X is one of the following:
(1) A weighted projective plane of the form
(a) P(a2, b2, c2), where a2 + b2 + c2 = 3abc (K2 = 9).
(b) P(a2, b2, 2c2), where a2 + b2 + 2c2 = 4abc (K2 = 8).
(c) P(a2, 2b2, 3c2), where a2 + 2b2 + 3c2 = 6abc (K2 = 6).
(d) P(a2, b2, 5c2), where a2 + b2 + 5c2 = 5abc (K2 = 5).
(2) A Q-Gorenstein deformation of one of the surfaces in (1).
Conversely, for each such surface X, the divisor −KX is ample and X
admits a Q-Gorenstein smoothing to a del Pezzo surface.
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2 T -singularities
Definition 2.1. [KSB, Def. 3.7] Let P ∈ X be a quotient singularity of
dimension 2. We say P ∈ X is a T -singularity if it admits a Q-Gorenstein
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smoothing. That is, there exists a deformation of P ∈ X over the germ of
a curve such that the total space is Q-Gorenstein and the general fibre is
smooth.
For n, a ∈ N with (a, n) = 1, let 1
n
(1, a) denote the cyclic quotient
singularity (0 ∈ A2u,v/µn) given by
µn ∋ ζ : (u, v) 7→ (ζu, ζ
av).
Here µn denotes the group of nth roots of unity.
Proposition 2.2. [KSB, Prop. 3.10] A T -singularity is either a Du Val
singularity or a cyclic quotient singularity of the form 1
dn2
(1, dna − 1) for
some d, n, a ∈ N with (a, n) = 1.
Definition 2.3. Let d ∈ N. A Td-singularity is a T -singularity of the form
1
dn2
(1, dna− 1).
We briefly recall the notion of the canonical covering (or index one cover)
of a Q-Gorenstein singularity. Let P ∈ X be a normal surface singularity
such that KX is Q-Cartier. Let n ∈ N be the least integer such that nKX is
Cartier, the index of P ∈ X. The canonical covering p : Z → X of P ∈ X
is a Galois cover of X with group µn, such that Z is Gorenstein and p is
e´tale in codimension 1. Explicitly,
Z = Spec
X
(OX ⊕OX(KX)⊕ · · · ⊕ OX((n− 1)KX ))
where the multiplication inOZ is given by fixing an isomorphismOX(nKX) ∼=
OX . The canonical covering is uniquely determined up to isomorphism (as-
suming that the ground field k = C and we work locally analytically at
P ∈ X).
The singularity 1
dn2
(1, dna−1) has index n and canonical covering 1
dn
(1,−1),
the Du Val singularity of type Adn−1. We have an identification
1
dn
(1,−1) = ((xy = zdn) ⊂ A3x,y,z),
where x = udn, y = vdn, and z = uv. Passing to the quotient gives
1
dn2
(1, dna− 1) =
(
(xy = zdn) ⊂
1
n
(1,−1, a)
)
.
A Q-Gorenstein smoothing of 1
dn2
(1, dna − 1) is given by
(xy = zdn + t) ⊂
1
n
(1,−1, a) × A1t .
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Let P ∈ X be a T -singularity. A Q-Gorenstein deformation (P ∈
X )/(0 ∈ S) of P ∈ X is by definition a deformation induced by an equiv-
ariant deformation of the canonical covering [H, Def. 3.1]. If (0 ∈ S) is
a smooth curve this is equivalent to requiring that X is Q-Gorenstein. A
singularity of type 1
dn2
(1, dna − 1) has versal Q-Gorenstein deformation
(xy = zdn + ad−1z
(d−1)n + · · ·+ a0) ⊂
1
n
(1,−1, a) × Ad,
where a0, . . . , ad−1 are the coordinates on the base (0 ∈ A
d). In partic-
ular, T -singularities have unobstructed Q-Gorenstein deformations. (Note
of course that the Du Val singularities are hypersurface singularities, so in
particular Gorenstein. Thus the Q-Gorenstein deformations are just the
ordinary deformations, which are unobstructed).
We will need the following observation.
Lemma 2.4. Let (P ∈ X )/(0 ∈ T ) be a Q-Gorenstein deformation of
1
dn2
(1, dna − 1) over the germ of a curve. Then the possible singularities of
the general fibre are as follows: either Ae1−1, . . . , Aes−1 or
1
e1n2
(1, e1na− 1),
Ae2−1, . . . , Aes−1, where e1, . . . , es is a partition of d.
Proof. The general fibre has the form
(xy = zdn + ad−1z
(d−1)n + · · · + a0) ⊂
1
n
(1,−1, a),
some a0, . . . , ad−1 ∈ k. Write z
dn + ad−1z
(d−1)n + · · · + a0 =
∏
(zn − γi)
ei
where the γi are distinct. The result follows (the second case occurs when
γi = 0 for some i).
3 Deformations
We prove (Prop. 3.2) that a del Pezzo surface with T -singularities has un-
obstructed Q-Gorenstein deformations. We also give (Prop. 3.5) a formula
relating K2X and ρ(X) for such a surface X.
Lemma 3.1. Let X be a surface with T -singularities such that −KX is
ample. Then h0(OX(−KX)) = 1 +K
2
X .
Proof. For X a projective surface with quotient singularities and D a divisor
on X, we have the singular Riemann–Roch formula [B],[R]
χ(OX(D)) = χ(OX) +
1
2
D(D −KX) +
∑
cP (D),
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where the cP (D) are the correction terms corresponding to the points P ∈ X
where the divisor D is not Cartier. We prove below that cP (−KX) = 0 for
P ∈ X a T -singularity. So χ(OX(−KX)) = χ(OX) + K
2
X . Since −KX is
ample, we have H i(OX(−KX)) = H
i(OX) = 0 for i > 0 by Kawamata–
Viehweg vanishing. Hence h0(OX(−KX)) = 1 +K
2
X , as required.
Let P ∈ X be a T -singularity. There exists a projective surface Y with a
single singularity Q ∈ Y isomorphic to P ∈ X and a Q-Gorenstein smooth-
ing Y/(0 ∈ T ) of Y over the germ of a curve (this is a special case of the
globalisation theorem [L, App.]). By comparing Riemann–Roch on Y and
the general fibre of Y/T , we deduce that cP (−KX) = 0, as required. Alter-
natively, the correction term cP (−KX) may be computed using a resolution
of X, cf. [B, p. 312, Pf. of Thm. 1.2].
Proposition 3.2. Let X be a surface with T -singularities such that −KX
is ample. Then there are no local-to-global obstructions for deformations of
X. Hence X has unobstructed Q-Gorenstein deformations, and X admits a
Q-Gorenstein smoothing.
Proof. (cf. [M], p. 113, Proof of Thm. 21) The local-to-global obstructions
lie in H2(TX). We have H
2(TX) = Hom(TX ,OX(KX))
∗ by Serre duality.
Since H0(OX(−KX)) 6= 0 by Lemma 3.1, we have an inclusion
Hom(TX ,OX(KX)) ⊂ Hom(TX ,OX ) = H
0(Ω∨∨X ).
Here Ω∨∨X is the double dual or reflexive hull of ΩX . Let pi : X˜ → X be
the minimal resolution of X. Then pi∗ΩX˜ = Ω
∨∨
X by [S, Lem. 1.11] be-
cause X has only quotient singularities, and h0(ΩX˜) = 0 because X˜ is
rational. Combining, we deduce H2(TX) = 0. It follows that X has unob-
structed Q-Gorenstein deformations since T -singularities have unobstructed
Q-Gorenstein deformations (see Sec. 2).
Definition 3.3. For P ∈ X a T -singularity, let µP denote the Milnor num-
ber of a Q-Gorenstein smoothing of P ∈ X.
Remark 3.4. The number µP is well defined because the Q-Gorenstein de-
formation space of a T -singularity is smooth.
If P ∈ X is a Du Val singularity of type An, Dn or En then µP = n. If
P ∈ X is of type 1
dn2
(1, dna − 1) then µP = d− 1 [M, Sec. 3].
Proposition 3.5. Let X be a rational surface with T -singularities. Then
K2X + ρ(X) +
∑
P
µP = 10
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where the sum is over the singular points P ∈ X.
Proof. Let X˜ → X be the minimal resolution of X. Then K2
X˜
+ ρ(X˜) = 10
since X˜ is rational. An explicit computation shows that the change in K2+ρ
due to the singularity P ∈ X equals µP (see, e.g., [M, p. 111]). Alternatively,
this follows from Noether’s formula applied to a smoothing, cf. [L, 4.1f].
4 The Classification
Theorem 4.1. Let X be a toric surface with T -singularities such that
ρ(X) = 1 and K2X ≥ 5. Then X is one of the following surfaces.
(1) P(a2, b2, c2), where a2 + b2 + c2 = 3abc (K2 = 9).
(2) P(a2, b2, 2c2), where a2 + b2 + 2c2 = 4abc (K2 = 8).
(3) P(a2, 2b2, 3c2), where a2 + 2b2 + 3c2 = 6abc (K2 = 6).
(4) P(a2, b2, 5c2), where a2 + b2 + 5c2 = 5abc (K2 = 5).
The solutions of the equations in Theorem 4.1,(1)–(4) may be described
as follows [KN, 3.7]. We say a solution (a, b, c) is minimal if a + b + c is
minimal. The equations (1),(2),(3) have a unique minimal solution (1, 1, 1),
and (4) has minimal solutions (1, 2, 1) and (2, 1, 1). Given one solution, we
obtain another by regarding the equation as a quadratic in one of the vari-
ables, c (say), and replacing c by the other root. Explicitly, if the equation
is αa2 + βb2 + γc2 = λabc, then
(a, b, c) 7→ (a, b,
λ
γ
ab− c).
This process is called a mutation. Every solution is obtained from a minimal
solution by a sequence of mutations.
For each equation, we define an infinite graph Γ whose vertices are la-
belled by the solutions, such that two vertices are joined by an edge if they
are related by a mutation. For equation (1), Γ is an infinite tree such that
each vertex has degree 3, and there is an action of S3 on Γ given by permut-
ing the variables a, b, c. The other cases are rather similar, see [KN, 3.8] for
details.
Theorem 4.2. Let X be a surface with T -singularities such that −KX is
ample. Assume that ρ(X) = 1 and K2X ≥ 5. Then X is a Q-Gorenstein
deformation of one of the toric surfaces of Thm. 4.1.
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Conversely, if X is an arbitrary Q-Gorenstein deformation of one of the
toric surfaces, then X has T -singularities and −KX is ample. We have
ρ(X) = 1 if and only if the induced deformation of each singularity P ∈ X
is either trivial or a deformation of a Td-singularity to an Ad−1 singularity
for some d ∈ N.
Proof of Theorem 4.1. We first show that X is a weighted projective plane.
A projective toric surface X is given by a complete fan Σ in NR ∼= R
2, where
N ∼= Z2 is the lattice of 1-parameter subgroups of the torus. If ρ(X) = 1
then Σ has 3 rays. Let v0, v1, v2 ∈ N be the minimal generators of the rays.
There is a unique relation a0v0 + a1v1 + a2v2 = 0 where a0, a1, a2 ∈ N are
pairwise coprime. If v0, v1, v2 generate the lattice N , then X is the weighted
projective plane P(a0, a1, a2). In general, let N
′ denote the lattice generated
by v0, v1, v2. Then there is a finite toric morphism X
′ = P(a0, a1, a2) → X
corresponding to the inclusionN ′ ⊂ N . It has degree d = |N/N ′| and is e´tale
in codimension 1. In particular, we have K2X′ = d ·K
2
X . In our situation,
K2X ≥ 5 by assumption. Moreover X
′ has T -singularities because a cover
of a T -singularity which is e´tale in codimension 1 is again a T -singularity
(this follows easily from the classification of T -singularities). So K2X′ ≤ 9 by
Proposition 3.5. We deduce that d = 1 and X = P(a0, a1, a2).
The surface X = P(a0, a1, a2) has singularities
1
a0
(a1, a2),
1
a1
(a0, a2),
1
a2
(a0, a1). By the classification of T -singularities, we have ai = din
2
i , where
(a0, a1+a2) = d0n0, etc. Note that d0+d1+d2+K
2
X = 12 by Proposition 3.5.
Now KX ∼ −(a0 + a1 + a2)H, where H is the ample generator of the class
group of X, and H2 = 1/a0a1a2. Thus
d0n
2
0 + d1n
2
1 + d2n
2
2 =
√
d0d1d2K2Xn0n1n2
Equations of this form which admit integer solutions were classified in [KN,
Sec. 3.5], in the context of exceptional collections of vector bundles on
del Pezzo surfaces. This yields the classification above. It remains to check
that each such surface has T -singularities. Let the corresponding equation
be αa2 + βb2 + γc2 = λabc, and consider the singularity 1
γc2
(αa2, βb2). We
have αa2 + βb2 ≡ λabc ≡ 0 mod γc. Moreover, c is coprime to a, b and
λ
γ
by the inductive description of the solutions of the equation above. So,
the singularity is of type 1
γc2
(1, γcq − 1) for some q with (q, c) = 1, as re-
quired.
The proof of Theorem 4.2 occupies Sections 5 and 6. Theorem 1.2 follows
from Theorem 4.2, and Theorem 1.1 follows from Theorem 1.2. Indeed, a
Manetti surface X has −KX ample and ρ(X) = 1 [M, p. 90, Main Thm.],
and a smoothing of a normal surface X to the plane is automatically Q-
Gorenstein [M, p. 96, Corollary 5].
5 The configuration of exceptional curves on the
minimal resolution
The proof of Theorem 4.2 involves an analysis of the configuration of ex-
ceptional curves on the minimal resolution pi : X˜ → X of the surface X. In
this section we establish some preliminary results. Our starting point is the
following theorem:
Theorem 5.1. [M, Thm. 11, p. 100] Let X be a surface with rational sin-
gularities such that ρ(X) = 1 and h0(−KX) ≥ 6. Then X is rational. Let
pi : X˜ → X be the minimal resolution of X. Assuming X is not isomorphic
to P2, there exists a birational morphism X˜ → Fn for some n. Let d be the
largest such n and µ : X˜ → Fd a birational morphism. Let B
′ denote the
strict transform of the negative section B ⊂ Fd. Let p : X˜ → P
1 be the com-
position of µ with the projection Fd → P
1. Then d ≥ 2, and the exceptional
locus of pi is the union of B′ and the components of degenerate fibres of p of
self-intersection at most −2, i.e.,
Ex(pi) = B′ ∪
⋃
{Γ | p⋆Γ = 0, Γ
2 ≤ −2}.
Moreover, each degenerate fibre of p contains a unique (−1)-curve.
We describe the possible singularities on X in our case.
Proposition 5.2. Let X be a surface with T -singularities such that −KX
is ample, ρ(X) = 1, and K2X ≥ 5. Then X has cyclic quotient singularities.
Proof. Since K2X ≥ 5, we have
∑
µP ≤ 4 by Proposition 3.5. Therefore,
either X has only cyclic quotient singularities, or X has a singularity of
type D4 and possibly some cyclic quotient singularities with µP = 0. In
the second case, smoothing the cyclic quotient singularities we obtain a del
Pezzo surface X ′ with ρ(X ′) = 1, K2X′ = 5, and a single singularity of
type D4. It is well-known that there are no such surfaces (see, e.g., [AN,
Theorem 4.3]).
Given a cyclic quotient singularity 1
n
(1, a), let [b1, . . . , br] be the expan-
sion of n/a as a Hirzebruch–Jung continued fraction (cf. [F, p. 46]). Then
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the exceptional locus of the minimal resolution of 1
n
(1, a) is a string of smooth
rational curves of self-intersections −b1, . . . ,−br. The strict transforms of
the coordinate lines (u = 0) and (v = 0) intersect the right and left end
components of the exceptional locus respectively.
Remark 5.3. Note that [br, . . . , b1] corresponds to the same singularity as
[b1, . . . , br] with the roˆles of the coordinates u and v interchanged. Thus, if
[b1, . . . , br] = n/a then [br, . . . , b1] = n/a
′ where a′ is the inverse of a modulo
n.
We recall the description of the minimal resolution of the cyclic quo-
tient singularities of type T . Let a Td-string be a string [b1, . . . , br] which
corresponds to a Td-singularity.
Proposition 5.4. [M, Thm. 17], cf. [KSB, Prop. 3.11]
(1) [4] is a T1-string and, for d ≥ 2, [3, 2, . . . , 2, 3] (where there are (d−2)
2’s ) is a Td-string.
(2) If [b1, . . . , br] is a Td-string, then so are [b1+1, b2, . . . , br, 2] and [2, b1, . . . ,
br + 1].
(3) For each d, all Td-strings are obtained from the example in (1) by
iterating the steps in (2).
Finally, we describe the possible types of the degenerate fibres of the
ruling p : X˜ → P1 in Theorem 5.1.
Definition 5.5. Let a, n ∈ N with a < n and (a, n) = 1. We say the
fractions n/a and n/(n − a) are conjugate.
Lemma 5.6. If [b1, . . . , br] and [c1, . . . , cs] are conjugate, then so are [b1 +
1, b2, . . . , br] and [2, c1, . . . , cs]. Conversely, every conjugate pair can be con-
structed from [2],[2] by a sequence of such steps. Also, if [b1, . . . , br] and
[c1, . . . , cs] are conjugate then so are [br, . . . , b1] and [cs, . . . , c1].
Proof. If [b1, . . . , br] = n/a and [c1, . . . , cs] = n/(n−a) then [b1+1, b2, . . . , br] =
(n+ a)/a and [2, c1, . . . , cs] = (n+ a)/n. The last part follows immediately
from Remark 5.3.
Lemma 5.7. (cf. [M, Pf. of Thm. 18]) Let p : X˜ → C be a birational
ruling of a smooth surface. Suppose f is a degenerate fibre of p such that f
contains a unique (−1)-curve Γ and f \ Γ is a disjoint union of strings of
rational curves. Then the dual graph of f is one of the following types:
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(I)
−ar −a1 −1 −b1 −bs
• — · · · — • — • — • — · · · — •
(II)
−ar −a1 −t− 2 −b1 −bs
• — · · · — • — • — • — · · · — •
|
• — • — · · · — •
−1 −c1 −ct
In each case r, s > 0 and in the second case t ≥ 0 and c1 = · · · = ct = 2.
Moreover, [a1, · · · , ar] and [b1, · · · , bs] are conjugate. Conversely, if these
conditions are satisfied then a configuration of smooth rational curves as
above is realised as a degenerate fibre of a ruled surface.
Proof. The ruling X˜ → C is obtained from a P1-bundle F → C by a se-
quence of blowups. The lemma follows using the description of conjugate
strings in Lemma 5.6.
6 Proof of Theorem 4.2
Proof of Thm. 4.2. By Lemma 3.1 we have h0(−KX) = 1 + K
2
X ≥ 6, so
we may apply Theorem 5.1. We use the notation of Theorem 5.1. The
exceptional locus of the minimal resolution pi : X˜ → X is a disjoint union
of strings of rational curves because X has cyclic quotient singularities by
Proposition 5.2. Thus, if f is a degenerate fibre of p : X˜ → P1, then f
is as in Lemma 5.7. The morphism µ : X˜ → Fd is an isomorphism over
a neighbourhood of the negative section B ⊂ Fd because d is maximal
by assumption. So the strict transform B′ of B intersects the fibre f in
the strict transform A′ of the corresponding fibre A of Fd → P
1. The
component A′ of f is one of the end components labelled −ar or −bs in the
diagram of Lemma 5.7. We assume for definiteness that it is the left end
component labelled −ar. The connected component of the exceptional locus
of pi containing B′ consists of B′ together with strings of curves meeting B′,
one for each degenerate fibre f . Hence there are at most 2 degenerate fibres,
because this connected component is a string of curves.
We show that the surface X is a deformation of a toric surface Y with
T -singularities such that ρ(Y ) = 1.
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We first construct the surface Y . There is a uniquely determined toric
blowup µY : Y˜ → Fd such that µY is an isomorphism over the negative
section B ⊂ Fd, and the degenerate fibres of the ruling pY : Y˜ → P
1 are fibres
of type (I) associated to the fibres of p as follows. Let f be a degenerate fibre
of p as in Lemma 5.7, and assume that B′ intersects the left end component.
If f is of type (I) then the associated fibre fY of pY has the same form. If
f is of type (II) then fY is a fibre of type (I) with self-intersection numbers
−ar, . . . ,−a1,−t− 2,−b1, . . . ,−bs,−1,−d1, . . . ,−du
Note that the sequence d1, . . . , du is uniquely determined (see Lemma 5.7).
In each case the strict transform B′ of B again intersects the left end com-
ponent of fY .
Let Y be the toric surface obtained from Y˜ by contracting the strict
transform of the negative section of Fd and the components of the degener-
ate fibres of the ruling with self-intersection at most −2. For each fibre f of
p of type (II) as above, the string of rational curves with self-intersections
−d1, . . . ,−du in the associated fibre fY of pY contracts to a Tt+1 singular-
ity by Lemma 6.1 below. This singularity replaces the At singularity on
X obtained by contracting the string of t (-2)-curves in f . In particular,
the surface Y has T -singularities. Moreover ρ(Y ) = 1, and K2Y = K
2
X ≥ 5
by Proposition 3.5. Thus Y is one of the surfaces listed in Theorem 4.1.
A Td-singularity admits a Q-Gorenstein deformation to an Ad−1 singularity
(see Lemma 2.4). Hence the singularities of X are a Q-Gorenstein defor-
mation of the singularities of Y . There are no local-to-global obstructions
for deformations of Y by Proposition 3.2. Hence there is a Q-Gorenstein
deformation Y ′ of Y with the same singularities as X. We prove below that
X ∼= Y ′.
Let f be a degenerate fibre of p of type (II) as above and fY the associated
fibre of pY . Let P ∈ Y be the T -singularity obtained by contracting the
string of rational curves in fY with self-intersections −d1, · · · ,−du. Let
Y/(0 ∈ T ) be a Q-Gorenstein deformation of Y over the germ of a curve
which deforms P ∈ Y to an At singularity and is locally trivial elsewhere.
Let Y ′ denote a general fibre. Let Yˆ → Y/T be the simultaneous minimal
resolution of the remaining singularities (where the deformation is locally
trivial), and let Yˆ → Y be the special fibre and Yˆ ′ → Y ′ the general fibre.
Thus Yˆ has a single T -singularity and Yˆ ′ a single At singularity. The ruling
pY : Y˜ → P
1 descends to a ruling Yˆ → P1; let A be a general fibre of
this ruling. Then A deforms to a 0-curve A′ in Yˆ ′, which defines a ruling
Yˆ ′ → P1. Let Y˜ ′ → Yˆ ′ be the minimal resolution of Yˆ ′ and consider the
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induced ruling pY ′ : Y˜
′ → P1. Note that the exceptional locus of Yˆ → Y
deforms without change by construction. Moreover, the (−1)-curve in the
remaining degenerate fibre (if any) of pY also deforms. There is a unique
horizontal curve in the exceptional locus of piY ′ : Y˜
′ → Y ′, and ρ(Y ′) = 1 by
Proposition 3.5. Hence each degenerate fibre of pY ′ contains a unique (−1)-
curve, and the remaining components of the fibre are in the exceptional
locus of piY ′ . We can now describe the degenerate fibres of pY ′ . If pY
has a degenerate fibre besides fY , then pY ′ has a degenerate fibre of the
same form. We claim that there is exactly one additional degenerate fibre
of pY ′ , which is of type (II) and has the same form as the fibre f of p.
Indeed, the union of the remaining degenerate fibres consists of the string
of rational curves with self-intersections −ar, . . . ,−a1,−t− 2, b1, . . . , bs (the
deformation of the string of the same form in fY ), the string of (−2)-curves
which contracts to the At singularity, and some (−1)-curves. The claim
follows by the description of degenerate fibres in Lemma 5.7. If there is a
second degenerate fibre of p of type (II) we repeat this process. We obtain
a Q-Gorenstein deformation Y ′ of Y with minimal resolution piY ′ : Y˜
′ → Y ′,
and a ruling pY ′ : Y˜
′ → P1 such that the exceptional locus of piY ′ has the
same form with respect to the ruling pY ′ as that of pi with respect to p.
We claim that X ∼= Y ′. Indeed, there is a toric variety Z and, for each
fibre fi of p of type (II), a toric boundary divisor ∆i ⊂ Z and points Pi, Qi
in the torus orbit Oi ⊂ ∆i, such that X (respectively Y ) is obtained from Z
by successively blowing up the points Pi (respectively Qi) ti+1 times, where
ti is the length of the string of (−2)-curves in fi. It remains to prove that
we may assume Pi = Qi for each i. Let T be the torus acting on Z and N
its lattice of 1-parameter subgroups. Let Σ ⊂ NR be the fan corresponding
to X and vi ∈ N the minimal generator of the ray in Σ corresponding to ∆i.
Then Ti = (N/〈vi〉)⊗Gm is the quotient torus of T which acts faithfully on
∆i. Thus, there is an element t ∈ T taking Pi to Qi for each i except in the
following case: there are two fibres of p of type (II), and v1+ v2 = 0. In this
case, there is a toric ruling q : Z → P1 given by the projection N → N/〈v1〉.
The toric boundary of Z decomposes into two sections (given by ∆1,∆2)
and two fibres of q. But one of these fibres (the one containing B′) is a
string of rational curves of self-intersections at most −2, a contradiction.
The characterisation of the Q-Gorenstein deformations of the toric sur-
faces which have Picard number one is given by Lemma 2.4 and Proposi-
tion 3.5.
Lemma 6.1. Let [a1, . . . , ar] and [b1, . . . , bs] be conjugate strings. Then the
conjugate of [ar, . . . , a1, t+ 2, b1, . . . , bs] is a Tt+1-string.
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Proof. Let an St-string be a string [ar, . . . , a1, t + 2, b1, . . . , bs] as above.
Then, by Lemma 5.6, we have
(1) [2, t+ 2, 2] is an St-string.
(2) If [e1, . . . , ev ] is an St-string, then so are [e1+1, · · · , ev , 2] and [2, e1, . . . ,
ev + 1].
(3) Every St-string is obtained from the example in (1) by iterating the
steps in (2).
The result follows from the description of Td-strings in Proposition 5.4 and
Lemma 5.6.
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